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This paper presents a new methodology for pattern recognition invariant to rotation, position, and scale. The
method uses the correlation of signatures, where the signatures were created with a new equation called the radial
Hilbert transform optimized (RHTO) for longer signatures. An analysis with eight non-homogeneous illumination patterns was performed with 2000 letter variants and 30 phytoplankton species. The higher confidence
level was founded using the radial Hilbert optimized methodology. Also, it utilized a correlation called adaptive
linear–nonlinear correlation, which gave a better discrimination performance than the nonlinear correlation
function. © 2020 Optical Society of America
https://doi.org/10.1364/AO.381574

1. INTRODUCTION
People can identify objects and classify them in different
ways. In this manner, the information can be better managed.
However, the images rarely share the same scale or rotation.
It is easy for us to ignore these differences. Still, a computer
system cannot do it so quickly. The study of complex images and
patterns has multiple applications in the area of optics.
Several methods have been developed in search of invariances
of scale, shift, and rotation [1–4]. Mathematical transformations are required to produce these invariances. The modulus of
the Fourier transform [5] and the modulus of the Mellin transform yield invariance to displacement and scale, respectively
[6,7]. Rotational invariance can be achieved with some binary
ring masks [8–11].
Each methodology can have several invariances. However, the
confidence level in each method can vary. The images to identify
can have some previous treatment to increase the confidence
level in the identification. The Hilbert transform highlights the
edges and borders; this can help with the identification of objects
[12,13], and the Hilbert radial transform has been used to detect
the corners of images when they present rotations [14–16].
Another factor in the recognition of images is the correlation
filters. From the classic filter [17], to the phase-only filter [18],
to the multiple filters that now exist, the applications are varied
since each one has a different quality.
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The computation time is an essential factor too. Since the
images used have better quality, which implies more data to
evaluate, the computation time could render a methodology
non-viable. The signatures used reduce that time and are still
capable of recognizing images. In this work, a system is proposed
to distinguish between images using signatures, which produces
a more efficient recognition capability.
The material of this work is organized as follows: in Section 2,
the state of the art is described, and Section 3 describes the methodology; in Sections 3A and 3B, the creation of signatures using
RHTO is written, and the adaptive linear–nonlinear correlation
is explained; in Sections 4 and 4A, the results and discussion are
presented, and a comparison analysis is done; in Section 5, the
conclusions are given.
2. STATE OF THE ART
Binary masks were used to obtain rotation or scale invariances
[19]; these masks were applied in pulmonary diseases [20].
A combination of these masks was proposed by the authors of
Ref. [21], who used two binary masks: one with concentric rings
and another with circumference transects. This combination
was named a ring wedge detector (RWD), which consists of
two half-circle regions; one semicircle is composed of a series of
concentric rings, and the other was formed with circumferential
transects separated by equidistant angles.
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The RWD mask is invariant to rotation and scale, but when
the images have distortions of scale and rotation combined, the
results are complicated to interpret.
Scale invariance is achieved using log-polar mapping as a
pre-processing process followed by a Fourier transform [22–24].
In Ref. [25], the authors were the first to use the discrete Fourier
transform followed by a log-polar mapping of an input image to
approximate the Mellin transform.
Mellin’s transform proposal was given by the authors of the
Ref. [26], who combined it with the Fourier transform to obtain
invariances to scale and position. Then the scale transform
was developed by the author of Ref. [27], who found this as a
particular case of the Mellin transform.
This methodology was used to identify objects using a phase
correlation by the scale transform spectrum to automatic character recognition [28]. This methodology produces scale, rotation,
and position invariances.
Different applications of digital the Mellin transform
and scale transform were published [29–31]. The authors of
Ref. [32] described the Mellin and scale fast transform, which
reduces the computational time by the implementation of the
Fourier transform in their algorithm.
In 2009 two authors developed vector signatures based on
the properties of Fourier and scale transform [33] for the recognition of patterns invariant to position, rotation, and scale. In
Ref. [34], the authors compared different types of letters using
nonlinear correlation with rotation and scale invariances.
In 2014, the authors of Ref. [35] developed and implemented
a new correlation type named adaptive nonlinear correlation
to classify signatures created by binary masks using the scale
transform. This methodology was tested with phytoplankton
species and produced a better performance than a nonlinear correlation. In 2014, using the polar Mellin transform, the authors
of Ref. [36] detected objects with different scale and rotation,
and in 2019, the authors of Ref. [37] demonstrated that, using a
hybrid optoelectronic correlator, objects with variances in shift,
size, and rotation can be recognized.
In Ref. [38], the authors used a Fourier–Mellin transform
and radial Hilbert transform and tested them using a butterfly
database. Binary masks were created using the fractional Fourier
transform [39].
3. METHODOLOGY
A problem in pattern recognition is that the computer cannot
identify an object when it has distortions; computers detect the
same objective as a different one. We used a methodology to
determine if it is possible to not only recognize images with rotations, scales, and displacements but also to have better results
to classify them. This methodology uses different transforms to
obtain the required invariances. The Mellin transform has scale
invariance; the Fourier transform has displacement invariance,
and the radial Hilbert transform has rotation invariance; with
this, the input image is turned into a signature. The signatures
have very few values in comparison with images. If a signature
can represent an image with a high capability of recognition, the
time it takes to compare them will be lower than using images.
Using various integral transforms for images, correlations
with different invariances could be achieved. One possibility
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Fig. 1. Concentric rings of the radial Hilbert transform with
8(θ, r ) = e ir θ : (a) from the real part; (b) from the imaginary part.

is to use the modulus of the Fourier transform, as it has the
property of shift-invariance.
The Mellin transform is defined as [7]
Z ∞ Z 2π
dr
1
f (r , θ ) r −iv e −ikθ d θ . (1)
M [ f (k, v)] =
2π 0
r
0
One of the most important properties of this transformation
is that the scale changes become a phase.
The 2D Radial Hilbert transform (H R ) is presented as [15]
H R [g (x 1 , x 2 )] = F−1 [H (ω, s ) G (ω, s )],

(2)

where H(ω, s ) = 8(θ, r ) is an arbitrary radial function and
G(ω, s ) is the Fourier transform of g (x 1 , x 2 ). (x 1 , x 2 ) and
(ω, s ) represent spatial and frequency coordinates, respectively. In the particular case where 8(θ, r ) = e ir θ , we obtain,
according to the authors of [22],
g H (x 1 , x 2 ) = H R [g (x 1 , x 2 )] = F−1 [e ir θ G(ω, s )],
(3)
√
where θ = arccos( ωr ), r = ω2 + s 2 to each (ω, s ) 6= (0, 0),
and θ = 0 in H(0, 0).
Equation (2) produces a complex function H(ω, s), which
can be represented as
8(θ, r) = H(ω, s) = Re[H] + iIm[H].

(4)

Multiplying these values by a unitary disc with dimension
r produces two masks (real and imaginary parts) of concentric
rings defined by the dimension of f (x 1 , x 2 ) (Fig. 1).
The radial Hilbert transform optimized (RHTO) is presented
in this paper with a parameter α, which changes the rings number, as follows:
α

8(θ, r ) = e ir θ .

(5)

The α value has an optimal range; to find that range, different values of α were tested, and we graphed their binary mask
results (Fig. 2).
The number of rings is related to the signature length and
the autocorrelation value of the signature. Figure 3 shows the
signature using the binary masks in Fig. 2. However, more rings
could be analyzed, but we can find some errors (Fig. 3f) where
the signature is no longer. Two graphs were created to find the
optimal value of α in which the ring number is maximum; this
value is related to the signature length. Also, the maximum
auto-correlation value was evaluated, and both parameters
were calculated for the real part mask (Figs. 4 and 5), obtaining
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Fig. 5. Auto-correlation values of signatures SHR with different values of α from 0.01 to 1.5.
Fig. 2. Real part masks with different numbers of rings obtained by
different values of α.

Fig. 3. Signatures from the real part mask SHR of the same image
obtained by different values of α.

Fig. 4. Lengths of signatures SHR with different values of α from
0.01 to 1.5.

the value α = 1.09 for both cases. This value is the same for all
different geometries.
A. Creation of Signatures Using RHTO

The signatures were created using the Fourier transforms, the
Mellin transforms, and RHTO (see Fig. 6). First, the size of the
input image (A) was taken using the RHTO (E) to create the real

Fig. 6.

Scheme to create an optimized signature of an input image.

part and the imaginary part of binary rings masks (F). Then, the
Mellin transform (B), followed by the Fourier transform (C),
was applied to the input image. The modulus of this result (D)
was taken and was multiplied point by point with the binary
rings mask (G). Finally, for the two masks, the values in each ring
were summed (H) to obtain the signature of the input image and
obtain signature by mask, which were called: real signature SHR
and imaginary signature SHI (I). These signatures are invariant
to rotation, scale, and position.
Using an SHR signature, the optimal α value found was 1.09
for signature length and auto-correlation value.
Different letters in Arial font with 10 scales and 40 rotations
were transformed into signatures to probe this methodology.
To examine the methodology response using images with nonhomogeneous illumination, eight illumination patterns, which
simulate the typical light variations, were tested (see Fig. 7).
The signatures of the letter E with some rotations and scales are
shown in Fig. 8a, and Fig. 8b shows variations of the signature
with illumination.
The letters B, E, F, H, and P were used with 400 variations.
Each letter had differences in scale from 75% to 130% and 40
rotations between 0◦ and 355◦ . Figure 9 shows some variations
of the letter B. Two thousand signatures were created with

Research Article

Vol. 59, No. 13 / 1 May 2020 / Applied Optics

D15

Fig. 7. Non-homogeneous illumination patterns used with rotated
and scaled images.
Fig. 9.

Different variations of the letter B used to create signatures.

Fig. 8. Signatures SHR from the letter E: (a) with different scales and
rotations; (b) with different illumination.

RHTO and with the conventional radial Hilbert transform
(α = 1) to be used in the classification step.
The 2000 letter images were multiplied by the illumination
patterns showed in Fig. 7 to create 18,000 images, which were
transformed into 18,000 signatures to correlate (eight illumination patterns + the original image) to compare the capability
of detection for letters immersed in different illumination.
The illumination patterns chosen to be examined were from
other results given by authors in [40] and [41] to were chosen
to simulate different non-homogeneous illuminations found
in pictures.
A second image group was created using 30 phytoplankton species with 576 variations in each species (Fig. 10).
Phytoplankton is of great ecological significance since it
constitutes the greatest portion of primary producers in the sea.
Each image was rotated 360◦ with 5◦ steps and scaled 8 times
from 80% to 115% in 5% steps. Every picture was transformed
into a signature.

Fig. 10. Phytoplankton species used in correlation. The names of
the phytoplankton names are listed in Table 1.

A third image group was considered using 20 random species
of natural phytoplankton with variations in scale from 90% to
110% in 5% steps and rotations of 0◦ –355◦ in 5◦ steps (Fig. 11).
These images have natural noise and natural illumination.
B. Adaptive Linear–Nonlinear Correlation

A linear–nonlinear correlation was proposed in this work to
produce superior performance in comparison with the classical
filter techniques regarding discrimination capability. In Fig. 12,
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Table 2. Species Names from the Third
Phytoplankton Group
Species 1

Species 11

Species 3

Asterolampra
marylandica
Asteromphalus
heptactis
Dinophysis hastata

Species 4

Hemidiscus

Species 14

Species 5

Diplosalopsis
lenticulatum
Amphisolenia
bidentate
Acanthogonyaul
spinifera
Podolampas bipes

Species 15

Species 2

Species 6
Species 7
Species 8
Fig. 11. Phytoplankton species from a third group used in correlation. The names of the phytoplankton are listed in Table 2.

Species 9
Species 10

Table 1.
Group
Species 1
Species 2
Species 3
Species 4
Species 5
Species 6
Species 7
Species 8
Species 9
Species 10
Species 11
Species 12
Species 13
Species 14
Species 15

Ceratium
macroceros
Ceratocorys hastata

Species 12
Species 13

Ceratocorys
horrida
Climacodium

Species 16

Dactyliosolen
antarcticus
Hemidiscus
cuneiformis
Goniaulax
scrippsae
Heterodinium

Species 17

Octaris octonaria

Species 18

Ornithocercus
steinii
Oxytoxum
scolapax
Phalacroma cuneus

Species 19
Species 20

Species Names from the Phytoplankton
Acanthogonyaulax
spinifera
Ceratium
gravidum
Dinophysis hastata

Species 16

Dinophysis rapa

Species 17

Dinophysis hastate

Species 18

Diplosalopsis
orbicularis
Histioneis
Lingolodinium
polyedrum
Ornithocercu
armata
Ornithocercus
magnificus
Oxytoxum
scolapax
Podolampas bipes 1

Species 19

Ceratocorys
horrida
Ceratocorys
horrida 2
Ceratium furca
Ceratium lunula

Podolampas
Spinifer
Podolampas bipes 2

Species 26

Podolampas
palmipes
Podolampa spinifer
Protoperidinium

Species 28

Asterolampra
marylandica
Hemidiscus
cuneiformis
Thalassionema
nitzschioides
Pyrocystis

Species 29
Species 30

Hemidiscus
Dinoflagellata

Species 20
Species 21
Species 22
Species 23
Species 24
Species 25

Species 27

Ceratium
hexacatum
Ceratium
praelongum
Ceratium breve

first, with the target signature (A), its standard deviation is calculated (B). The same is also done for the problem signature (C),
(D). With both standard deviations, the Rz factor is calculated
(E); this factor is compared with the Indexσ (F), and, if the Rz
factor is greater than or equal to Indexσ , then the factor changes
to 1 and otherwise retains its value. Then the Fourier transform
is applied to the target signature (G), and its complex conjugate

Fig. 12. Procedure to correlate the phytoplankton signatures using
an adaptive linear–nonlinear correlation system.

is calculated (H). The Fourier transform is applied to the problem signature (I), and an adaptive linear–nonlinear correlation
is made (J); if the Rz factor is 1, it is a linear correlation, and it
is nonlinear for values of Rz different from 1. To recognize the
target, the signature of the problem image (SPI ) is compared
with the signature of the target image (STI ) using the adaptive
linear–nonlinear correlation (C ANL ), that is,

C ANL = F−1 |F (SPI )|Rz exp(iφ SPI) × |F (STI )| exp(−iφ STI) ,
(6)
where
(σ
PI
, σPI ≤ σTI
,
(7)
Rz = σσTI
TI
, σPI > σTI
σ
PI

where σPI , σTI are the standard deviations of SPI , STI and φ SPI ,
φ STI are the phases of SPI , STI .
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Fig. 13. Correlation average values: (a), (c) using the conventional radial Hilbert transform and (b), (d) with the radial Hilbert transform
optimized.

The Rz factor is proposed as a selector for correlating the
signatures. If the Rz value was in a range to a determinate species
used as a filter, this factor was changed to 1, and the correlation signatures were applied with a linear correlation. If the
value of Rz was out of the range, this value was conserved,
and this produced a nonlinear correlation in which the discrimination values decreased and increased the correlation
performance. The range to change Rz depended on an index of
the different standard deviations of the signatures. The index is
given by
∗
Indexσ = min(STI
),

(8)

where Indexσ is the minimum correlation values of all varia∗
tions of the standard deviation of the target signature and STI
represents those variations.
4. RESULTS AND DISCUSSION
Each letter signature taken as the target fitted a reference scale of
100% and rotation of zero degrees.
Each one was compared to the 18,000 letter signatures
through two methods (α = 1 and α optimized). It was found
that it is better to work with the RHTO method (α = optimized). The RHTO method gives a confidence level higher than
that of the conventional radial Hilbert transform (Fig. 13). For
example, the letter H cannot be identified correctly (Fig. 13c).
Other letters had a lower confidence level than the optimized
methodology.
Figure 13 shows that the conventional Hilbert transform
had a disadvantage versus the RHTO methodology because the
length of the signatures created with the conventional method

is shorter than that of the RTHO; thus, it has less information.
In Fig. 13b, the correlation values between letters are lower than
in Fig. 13a, creating a better discrimination level. The adaptive
linear–nonlinear correlation was used with the phytoplankton group. Species with scale 100% and rotation 0◦ were used
as target signatures. For calculating the Indexσ , the standard
deviation of each variation of the same species was calculated
with Eq. (8).
For each correlation, the value was transformed by the ZFisher transform [42] with a 99.9% confidence level. For each
species, the maximum and minimum ρ values using every variation were graphed. Because the correlation values are contained
in a box with 99.9% of their dispersion within, if the graph does
not have an overlap, the confidence level is more than 99.9%.
In the filter species, the maximum ρ value and the mean of the
minimum value were graphed. The purpose of taking the mean
of the minimum correlation values is to compensate for the
lower values obtained by the poorly taken images. Using this
consideration, we can select better images to compare between
species. Applying these considerations, a 99.9% confidence level
was found for the 30 species.
The boxes in Fig. 14 show the maximum and minimum ρ
values with a 99.9% dispersion contained within; this is a 99.9%
confidence level. In every case, the target signature could be
recognized. The highest values of ρ can be observed for the filter
species, which is marked with the black arrow in both cases.
The results are similar to the 30 species correlated with RHTO
signatures, adaptive linear–nonlinear. No correlated species
showed overlaps between them.
The same results were obtained for natural image
analysis (Fig. 15).
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Fig. 14. ρ values between different phytoplankton images using the Z-Fisher transform and adaptive nonlinear filter: (a) using species 3 as the target; (b) using species 20 as the target.

Fig. 15.
target.

ρ values between different natural phytoplankton images using the Z-Fisher transform and adaptive nonlinear filter using species 16 as the
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Opt. Eng. 42, 551–559 (2003).

The time consumption was 86 ms for the conventional
signatures and 90 ms for the RHTO signatures; using a
320 pixel × 320 pixel input image, the signature correlation is
faster than image correlation, and the mean time consumption
per correlation was 58 µs using this methodology. The times
were obtained on a Windows 10 computer with a 3.4 GHz
Intel i7-3770 with 8GB RAM. These methods are invariant
to position, rotation, and scale. Comparing the methods with
those proposed by [35], our accuracy is above 99.9%, 3 standard deviations using the Z-Fisher transform and the adaptive
linear–nonlinear correlation, versus the 95.4% obtained by
[35] and [38].

4.

5.
6.

7.

8.

9.

5. CONCLUSIONS
The results show that modifying the radial Hilbert transform
can optimize the number of rings and produce a more characteristic signature that discriminates against other representative
signatures with a high confidence level. In this work, the optimal
value of α was 1.09 to provide a more extended signature. This
value is the same in auto-correlation value and maximum length
signature metrics.
Longer signatures had more information to correlate; this
produces a better confidence level than the signatures created
with the conventional radial Hilbert transform. The time to
calculate the RHTO is the same in comparison with the conventional radial Hilbert transform. The images used were letters
and phytoplankton pictures with different scales and rotations.
With the letters, the RHTO methodology was capable of recognizing them with an average confidence level of up to 95%.
With the phytoplankton images, the correlation values were
evaluated with the Z-Fisher transform, and we found a confidence level up to 99.9% in the 30 species. This methodology can
be used to obtain more information from an image transformed
into a signature. This method and adaptive linear–nonlinear
correlation produce excellent discrimination capability for the
target signature.
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